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1. INTRODUCTION

Let 7, denote the set of real algebraic polynomials of degree n or less. For
a given closed interval I of the real line let C(Z) denote the set of continuous
real-valued functions on I endowed with the uniform norm |[-{,. For a fixed
positive integer n, we define the best uniform approximation P;, to f€ C(I)
from =, by | f— P,,|,=inf{|f—P|,|PEn,} and the degree of approx-
imation E,(f;a, b) to f from n, on the interval I = [a, b] by E,(fia, b)=
Il.f = Py 1a.p1llia.5)- We assume that » is fixed (here and throughout the paper)
and that approximation is from 7, except in Theorem 2.3, where we replace
m, by a finite dimensional Haar subspace H. The definition of best approx-
imation from H is analogous. The standard results concerning strong unicity
and Lipschitz constants can be found in Cheney [2, pp. 80-82] and are
stated in the following theorem.

THEOREM 1.1. Let f&€ C(I). Then there are constants A,, >0 and
V5.1 > O such that

”Pf,I—Pg.1”1<'1f,1”f_g”l (1.1)

for all g€ C(I), and

||f_Pf,1”1<||f_Q“l“yf.z ”Q—Pf.l”I (1.2)
Joral Q€ m,.
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We note that A, is called a uniform Lipschitz constant and y;, is called a
strong unicity constant. Expression (1.2) is called the strong unicity
inequality. We further note that if y,, > 0 is known, then an acceptable value
of A, is 2/y,,. See Cheney (2, p. 82].

In 4], Henry and Roulier investigate the existence of uniform Lipschitz
constants on all symmetric intervals of the form |—a,a]<[—1,1] for a
given f€ C[—1, 1]. Sufficient conditions on f are obtained to guarantee the
existence of a constant A, > 0 so that

1Py = Pl <A1/ — 2l (1.3)

for all g€ C(J) and for all J< |1, 1] of the form J= [—a, a]. Examples
are also given of functions f€ C(I) which fail to have such 4.

In this paper we present sufficient conditions on f€ C(I) to ensure the
existence of a strong unicity constant A, > 0 valid for all closed subintervals
of I. This, in turn, guarantees that (1.3) is valid for all closed subintervals J
of 1.

2. THE MAIN THEOREMS

The proofs of Theorems 2.2 and 2.5 employ techniques similar to those
used in the proof of Theorem 3.1 [4, p. 228] and all of these theorems make
use of the following lemma due to Cline [3]. (See also [1].)

LEMMA 2.1. Let h€ C(I) with h& n,. Let P € n, be the best approx-
imation to h on I and for each Chebyshev alternation E = {t;}/*} for h— P,
define q,€m, by q(t)=senlh(t)—Pt)} j=1,2,.,n+2, j#i and
i=1,2,.,n+2. Let QE)=max, ;,.,{llql,}- Then there exists a
Chebyshev alternation E* for h — P so that

Aps < 22(E%), 2.1
where A, , is the Lipschitz constant for h on I and so that
(7] < 2(E*), (22)

where vy, , is the strong unicity constant for h on I

THEOREM 2.2. If fe C"*'[~1,1] with f"*Y(x) >0 on |—1, 1], then
there are positive constants A, and y, so that for all closed subintervals
Jo[—1,1],

HPf,J_Pg.JHJ</1f||f—g”J (233)
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for all g€ C(J), and

f— Pf,J”J <Ilf=ell,— 7/” Q- Pf.J“J
JorallQen,.
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(2.4)

Proof. If f"*P(x)>0 on [~1,1] then fé&nr, for any subinterval
J < |1, 1]. Thus for a given k > n there exist p € 7, and positive numbers

m and M so that
mp(n+ 1)(x) < f(n+ 1)(x) < Mp(n+ l)(x)

for all x& |1, 1].
By Bernstein’s Theorem |7, p. 38],

mE,(p; a, b)= E,(mp; a,b) < E,(f’ a, b)

for any |a,b] < [—1, 1]. Let

e(p; a,b) = p(x) — P, 1 5(x)-
Then

lle(p; a; b)llta,5) = En(ps @, b)
and

e+ (p;a,b)(x) = p"* V().
Now Markoff’s inequality |2, pp. 91, 94] implies

2n+lk2n+2

|6+ V(p; a, b)(x) < (b—_a—)mE,,(P; a, b)

for all x € [a, b]. Thus

2n+1k2n+2

1" P g < B—ay T Enpia.b)

Let E, ,, = {;}2} be any Chebyshev alternation for

d(a, b, f)(x)=[f~ Pf.[a.b]](x)'

(2:5)

(2.6)

2.7)

If {g;}7*} is the set of polynomials of Lemma 2.1 for the Chebyshev alter-

nation E, ., then

d(a, b, S)(¢;)

W= E Fab)

J=02mn+2, jEl =12 n+2.
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Then the classical remainder theorem of interpolation theory {2, p. 60]
implies

d(a, b, f)(x) —q,x) = "t ”(aa b, f)(&) wix)
E(fiab) YT TE Fabn+ D
where x, £ € |a, b] and
wix)= nljl (x—1).

But d* (a, b, f)(&) =" (¢). Thus, from this and (2.5) we have

d(@,b,f)x)
E,(f:a.b)

Mp™* D) [wilx)

1W< E Fab)mt D

So from (2.6) and (2.7) we have

Mp" V(&) |wi(x)]
lg:(x)| gE,,(f; AT 1
Mp("“’(é)(b _a)n+1
=~ mE,(p;a,b)(n+ 1)!
M2n+lk2n+2
= mn+ D!

+1

+ 1.

Thus

M2n+1k2n+2
X)) ——+1
1<I?:‘z‘+2|q'(x)|\ m(n+ 1)! *

and so

M2n+2k2n+2

—_— 42
P m(n + 1) +
and

M2n+lk2n+2 —1
+1

> A —
Yf,.l [ m(n+ 1)|

for any J < [—1, 1]. Our conclusions then follow.



STRONG UNICITY ON SUBINTERVALS 251

The strong Kolmogorov criterion (1, p. 246] states for H a finite dimen-
sional Haar subspace of C(I) and f€ C(I)\H that

Yrr = inf  max [f(x) “Pf,l(x)] If— Pf,l”hl h(x),

heS(H) xeE(f)

where S(H)={h€ H|||h||=1)} and

E(f)={x€I||l/(x) =Py (x) == Pp,l;}-

P;, is defined as in Section 1 with n, replaced by H.

We assume, for Theorem 2.3, that approximation is from a finite dimen-
sional Haar subspace (see |4, p. 224]). The first part of Theorem 2.3 (2.8) is
due to Henry and Schmidt [5] and we have proved (2.9) which is a similar
result for strong unicity constants.

THEOREM 2.3. If I' is a compact subset of C(I) and '\ H = ¢, then
there are constants A > 0 and y. > 0 so that

HPf,l _Pg,l“l <Apllf— gl (2.8)
Sfor all f€ I and g € C(I), and
If~ Pf,1||1<||f_ QHI—VFHQ_Pf,l“l (2.9)

for f€Iand Q€ H.

Proof of (2.9). Suppose no such p, exists. Then there is a sequence {f,}
so that f, € I' and lim,,_, y, = 0. Let x, , < x, , < --- <X, , be a Chebyshev
alternation for f,. Then the strong Kolmogorov criterion implies

limsup[ inf ( max (a(f,,x;,)h(x; N)]=0,

n-00 heS(H) 0<j<n

where o(g,x)=[g(x)—P,,(x)|lg—P,,|l;'. Thus there is a sequence
{h,} X o, b, € S(H) so that for j=0, 1,...,n

llTagoup[OTjazk 0( n xj,n) hn(xj.n)] < 0.
I' and S(H) are compact so we can assume, without loss of generality that
lim,_ . f,=f€T and lim,,  h,= S(H). Then for j=0, l,..., k, lim sup,_
maxy ¢ ;<x 6(fys X;.0) A(x; ,) < 0. Furthermore, o(f,, -) - o(f, -) uniformly on
I. But, we may also assume lim,  x;,=x; for j=0,1,.,k and
Xg < Xy < ++0 < X, (Otherwise, if x;=x;,, for some j, then lim,  x; ,=
lim, ,, x;,, ,=x; and lim,  o(f,,x;,)=0(fx), lim,_ o(f, X;1,.,)=
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o(f,x;) and lim, [0(f,, x;,) - 6(fys X0 1.0)] = =1 =0%(f, x;) which is
impossible.) Thus

lim sup Jnax o(f» Xx;) h(x;) <O0.

Since a(f,, -) = o(f, -) uniformly on I we have

max (a(/: x)) h(x)) <O.

Now o(f, x;) - o(f,x;, 1) =—1,j=0, 1., k — 1 so A(x,) also changes sign k
times. But then & =0 which is a contradiction.

LemMA 24. Let f€ C[—1, 1]. Suppose € > 0 and there does not exist a
closed interval I — [—1, 1] so that the length of I, I(I) > € and f restricted to
I is in m,. Then there are constants A{e) > 0 and y{e) > 0 so that for every
closed interval J < |—1, 1| which satisfies I(J) > ¢,

1Pry— Py ulls <ALE) LS — &l (2.10)
for all g € C(J) and

1 =Pl <If=Qll = vAe) [1Q = Ppulls 2.11)
Sorall Q€ n,.

Progf. Suppose such a Aq{(¢) as in (2.10) does not exist. Then for each
positive integer k, there is a closed interval, J, < [—1,1}, I(J,)>¢ and
g, € C(J,) so that

1Prs, = P lls, > KL = gll, - 12

If a y{¢) as in (2.11) does not exist, then for each positive integer k there is
a closed interval J, = [—1, 1], {{(/,) > ¢ and p, € 7, so that

/- Pf.JkI|Jk > “f_pk”.l,\.— 1k || ps "‘Pf,Jk||Jk' (2.13)
Denote J, = |a,, b,| and define

x+1
2

8i(x) = 8 (ak + x;—l (b — ak)) € C[-1,1],

S =1 (ak + X G- a)) ecl-1 11,

5 =p, (a+ 5 (a0 € Cl-. 1]
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for every positive integer k. We can choose a subsequence of the J,’s, call it
{Ji,}s such that [a,, b, |~ [a,b] = [~1, 1]. Then K[a,b]) > and {f, } will
converge to fe C[—l 1], where Ax)=fla+ ((x+ 1)/2)® —a)) Let

={/i,t U{ U {f}. To prove (2.10) we note that I' is sequentially compact and
F M, = ¢. Thus an application of Theorem 2.3 shows that there is A > 0 so
that

“Ph.[Al.ll _Pg.|—1.1]”[~1.1] AR _g“|11.1] (2.14)

for every g € C|—1, 1] and every A € I'. But (2.12) implies

“Pfk.,[—l,ll _giki.[—l,l]”[—l,l] > kj l]fk»—ékj|l[—l.l j= 1, 2»--;

where f, € I' and §, € C[—1, 1] which contradicts (2.14). To prove (2.11)
we apply Theorem 2.3 with H= n,. Then there is a constant y > 0 so that

lh— Py 11]“[ i <lh=pli_ig—vIp=Prioinliny  (215)

for every p € 7, and every A € I. But (2.13) implies

/e, — Pri-. nlli v > W= Billi—va = 1kl By, — fk —rnli-ins
J=1,2,.., where f, € I'and p, € C[—1, 1] which contradicts (2.15).
THEOREM 2.5. Let f€ C"*'[~1, 1] so that f"*"(x)+#0 for x € |-1,0)

or x € (0, 1]. Suppose there are real numbers m, M, 0 <mMandp€Ern,,
r>n, so that

0 <m|p " P KL/l <M TP (x)

on [0, 8] for some & > 0. Then there are constants A, > 0 and y,> 0 so that
Jor all closed intervals J < [—1, 1]

”Pf..l—Pg,J”J<’1f”f——g”.l (2.16)
Jor all g€ C(J) and

“.f PfJ”I ”f Q“J yf“Q - Pf,J”J (2.17)
forall Q€ m,.

Proof. If f"*tP(0)#0 then Theorem 2.2 applies. Thus, suppose
S™D(0)=0. Since f"*P(x)#0 on [—1,0) and (0, 1], f& n, on [a, b] for
any [a, b] < |—1, 1]. If such constants A, and y, do not exist then for every
positive integer k, there is J, = [a,, b,] = [—1, 1] and g, € Cla,, b;), p, E 7,
so that

1Prs, = Pepsills, > k1S — &lls, (2.18)
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and
1= Pry s, > If = Piclls, — VK| = Pry s, (2.19)

We can choose a subsequence {J, } of the {J,} that converge to [a, b], where
ag<b Ifa<b,choose c=b—a and apply Lemma 2.4 to get contradictions
to (2.18) and (2.19). Thus a=b5. If a= b+ 0 then for j sufficiently large,
0€la,b] and f"*"(x)#0 for x€|a,b,) An application of
Theorem2 2 now gives the desired results. Thus, assume a = b=0. Now
define g; ; on [a, , b, ] for f asin Lemma 2.1fori=1,2,..,n+2,j=1,2,.
An application of steps (3.5) through (3.21) in the proof of Theorem 1 [4
pp. 229-231] gives (if a,, <0< b)

M|p" V()| (b, — ak)”“

IQi,(x)| < m(n + 1)! max[E,,(p; ay, 0), £,(p; 0, b"j)]

+1 (2.20)

or (if @, < b, <0or0<a, <b)

M|p"* V()| (b, —a, )"
m(n+ ) E, (p; Qs bkj)

lg;, (x| < + 1. (2.21)

If (2.21) holds we can follow the procedure used in Theorem 2.2 to obtain
(as in (2.7))

2n+1 2n+2E (p, ak,b )

||p(n+””[ak].,bkj] = (b _ak ),H,] (222)
Thus (2.21) and (2.22) imply
2n+1 2n+2
g, ()| <m+ L (2.23)

If (2.20) holds and sup, (b, — akj)/|a,(|— oo then by passing to a subse-
quence we can assume that llmj_‘w(b —a,)/lay,|=o. But then
(by,— a)/by, is bounded and we can agam follow the procedure of
Theorem 2.2 to obtain

2n+1 2n+2E (p,o b )
||P("+”||[o.bkj] < prtl = (2.24)
ky

Thus (2.20) and (2.24) together imply

M2n+lr2n+2(bk —a,
L < L
lql,j(x)l ~ m(n + 1)! sz-i—l

n+1
l)

+1. (2.25)
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Hence, (2.23) and (2.25) imply max, .;,,, [14; ;,, is bounded for all / and

Af,ka <2 1<r?2r¥+2 “qi.j”.lkj

-1
|ka] *

But this contradicts (2.18) and (2.19) and our resuits follow.

and

Vf.ka>[ max | g; ;

1<ign+2

3. CONCLUSIONS

The examples in [4] show that the hypotheses in the theorems of Section 2
cannot be weakened although Theorem 2.5 can be stated for a function
having n + | continuous derivatives whose (n + 1)st derivative has a finite
number of zeroes in [—1, 1].

A potential application of theorems such as these is in the study of
convergence of some of the adaptive curve fitting methods (e.g., see [6, 8]).
With these techniques best approximations are computed on various subin-
tervals by Remez type algorithms. The availability of a global strong unicity
constant for all subintervals could be used to show convergence properties of
the Remez algorithm independent of the subinterval on which it is applied.
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